Let I (:z: ,y ,z) be a homogeneous polynomial With. rational coefficients. Let C, be the real projective curve defined by ! = 0" and suppos~that C/ is nonsingular. It is well known that C/ is essentially a finite collection of disjoint circles, all except possibly one of which lie in th~projective plane Rp2 in such a way as to have both an interior (homeomorphic to a disk), and an exterior (homeomorphic to a Mobius strip).· These two-sided components of C/ are called ovals. The partial order im;posed on-its ovals by the relation of inclusion specifies the topological type ,or ·C/. We present an algorithm which, given I. determines the ordering of the ovals of C/. The algorithm constructs. a cell complex f.or IRp2, such that for each oval 0 of C/, the closure of each component of complement ( 0) is a. subcomplex. The Euler characteristic X of a complex is easily computed, and since X(disk)¢X(MBbius strip), any cell can be classified as being inside, on, or outside a particular oval. This essentially determines the ordering of ovals. The maximum computing time of our algoriUun is dominated by '8 polynomial rW?-ction or the degree of I and th~size of its coefficients.
Introduction.
Let f (x ,y ,z" be a homogeneous polynomial with rational coefficients.
Let C J be the real projective curve defined by f = O. It is well known [Wil7Ba] that if C/ is nonsingular, then it is a compact one-dimensional manifold, and so homeomorphic to a disjoint union of circles. A circle can have either a one-sided or two-sided imbedding fu IR~2 (see Section 4); in the latter case it has both an interior (homeomorphic to a disk), and an exterior (homeomorphic to a Mobius strip). The two-sided components of C J are.
called ovals. If f has even degree. then every component of C f is an oval; if.
degree(J) is odd, every component except one ,is an oval.
Curves C 1 and C 2 p.ave the same topological type if there is a homeomorphism rp:IRp2-+IRp2 which maps C 1 on~o C 2 • Each oval of a nonsingular curve C, is either inside or outside any other: the partial orderiõ f the ovals induced by this inclusion relation, together with the parity of the degree of f . determine the topological type of the curve.
In this paper we present an algorithm which. given f (x,y.z) ·with rational coefficients. determines whether C, is nonsingular. and if so, determines the ordering of its ovals. The main' step of the algorithm is construction of a cellular decomposition D, of lRp2 such t}),at every component of C, IRp2, Section 2 gives the conditions under which we change coordinates, and defines the transformation used. In Section 5 we prove that the cellular decomposition of lRp2 constructed in Section 3 is a complex.
We show in Section 6 that the computing time of our algorithm is We show now how to obtain E. Let the degree of f be n, and let"
!(x,y,z) = !r(x,y,)zn~+ ", '+!n(x,y) where O~T::::n, each ft(x,y) is homogeneous of degree i, and fr(x,y)¢O.
The more -~ypical situation is lhat in which I n(x ,y)¢.O. However let us pause to consider our strategy in the event that f n (x ,V) = O. In this case z If (X,Y,Z) but Z2 t f (x,y,z) as J (x,y,z) is squarefree. We can therefore wrile/(x,y,z) = Zfl(X,y,z),where f, (x,y,z) ; fT(X,Y)Zn~-' + ,., + fn- '(x,y) and /n_i(X,y);tQ. Thus l;" is contained in the curve
C/ is a singular curve, and we report this fact and exit from the algorithm. (1) and (2) Thus there is an integer A such that f n (A, 1):
Let G(X,Y); F(X,Y,I) and let D(X) be the discriminant of G(X,Y),

Th"en D(X);tO as G(X.Y) is squarefree. Find an integer a with D(a)il!O, and
consider the following change of variables:
As IV = X -aZ, the line X = aZ (i.e. the affine line X =a) corresponds to the line W=O (i.e. the line at co in the V, V. W coordinates). Let
Now E is clearly squarefree and homogeneous of the same degree as J.
Thus E(U,V,O) is squarefree. Hence the curve C E s~tisfi.es conditions (1) and ( 
E(U,V,W) = fCT-l(U,V,W)).
Applying the chain rule for difierentiation one finds
Now the matrix on the left hand side of (2.2) is invertible. Her;a.ce (2.1) and Let g(x,y) = f (x,y,l • and C1U C2 is the boundary or WI-Using these facts it can be ,hown that rr( V,) = rr( V,). and that (1) We now do an example of our algorithm. Let the input polynomial be:
/(X,y,z) = .y" -2xy3 -X 2 y 2 + 2x 3 y + y2 z 2 + :z:2 z 2 _ Z4.
f is irreducible, hence squarefree. I (z,y,a) ' ..
Fig=.3
The indices of these cells are:
(1,9) (5,9) (l,B) (5,B)
(1,7) (2,7) (4;7) (5,7)
(1,6) (2,6) (4,6) (5,6)
(1,5) (2,5) (3.5) (4,5) (5,5)
(1,4) (2,4) (3,4) (4,4) (5.4)
(1,3) (2,3) (3,3) (4,3) (5,3)
(1,2) (2,2) (3,2) (4,2) (5,2)
(1,1) (2,1) (3,1) (4,1) (5,1) We now see by inspection that the cells comprising the first oval occur among the cells comprising. the interior of the seco"nd oval. Equivalently, the cells comprising the second oval occur among the cells comprising the exterior of the first ovaL Hence the topological type of C, may be specified by saying that it consists of two ovals. one inside the other.
